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z? in R™.
1

Definition: Euclidean norm |z|* =

Notation: Cp(R) = C(R) N L= (R).
Notation: u, = %, Up = %7;.
e THE HEAT KERNEL FOR. u; = ptg,

n

1 2

eiﬁ, reR, t>0.
VATt
Look for a function u(z,t) satisfying, for a positive coefficient u > 0 (viscosity
coefficient)

Gu(.’L‘,ﬁ) =

(1) up + f(w)y — pugz, =0, z€R, >0,

with given u(z,0) = ug(z).

REMINDER: GAMMA FUNCTION, BETA FUNCTION
Definition 1. The Gamma function is defined by

(2) I(z) :/ t*te~tdt, x>0.
0

Claim 2. The function T'(x) is well defined and continuous for x > 0. Furthermore,
it satisfies the recursion formula
(3) Nz +1)=al(z), x>0.

Proof. The integral in (2) converges uniformly in z € [a,b] C (0, 00), implying the
continuity statement.
To prove (3) we integrate by parts

MNz+1)= / tYetdt = —e H”
0

00 o0
+ x/ t*Le~tdt = aT(z).
0 0

Corollary 3. For every integer n > 0
L(n) =nl
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Proof. From the definition I'(1) = [, e~*dt = 1. Then proceed by the recursion
formula. (]

Derivatives of I'(z) and convexity of logI'(z).

By differentiation under the integral sign (that is easily justified) we obtain

(o)
IM(z) = / t*Le~tlog(t)dt,
(4) %
I'(z) = / t* et log?(t)dt.
0
Note that I'(z) > 0 for all = > 0 so logT'(z) is well defined.

Claim 4. The function logT'(z) is convex on (0,00). In addition, it satisfies the
equation

(5) logT'(z + 1) —logT'(z) = log(x).
Proof. Tt is enough to show that
d2
el logT'(z) > 0.
et i (@) T2
I'(z)I'(z) = T"(x
— logI(z) =
da? 8 (z) I(x)?

According to (4)
o0 2 o0 1 1 1 1 2
()2 = ( / et log(r) = ( / PO b A b dog(a)ar)
0 0

Applying the Cauchy-Schwarz inequality we finally get

F'(m)QS/ tm’le’tdt-/ t*Le~tlog?(t)]dt = T'(z)T" (x).
0 0

Equation (5) follows directly from the recursion equation (3). O

The Bohr-Mollerup theorem.

Theorem 5. Let u(x) be a convex function on (0,00) satisfying he equation

(6) u(x +1) —u(z) =log(x), =z € (0,00).
Then there exists a constant o € R, so that
(7) u(z) =logl(z) + o, x € (0,00).

Proof. Let u(x) be such a solution.
e For 0 < h < x define the function

vp(x) = u(x + h) — 2u(z) + u(z — h).
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e Take k£ > 0 such that 0 < h < k < z and consider
vg(x) —vp(z) = [u(z + k) —u(z + h)] — [u(x — h) — u(z — k)]
u(lx+ k) —u(lx+h) ulx—h)—ulz—k)
=(k—nh — >
( ) k—nh —h+Ek =0,
where the convexity of u was used (i.e., the slopes of secants are increasing
as we move to the right).
e We conclude that for every fixed x > 0, the function h — v, (x) is nonde-
creasing for h € (0, z).
e In particular, for > 1, using (6),
vi(z) =u(z+1) — 2u(x) + u(z — 1)
— [u(e + 1) - u(@)] — [u(z) - u(z — 1)] = log(x) — log(z — 1).

e Thusfor0<h<1<ux,

x
0 <wp(x) <wvi(z) =log Pt
and letting  — oo we obtain
(8) li_)m [u(x +h) —2u(z) +ulx —h)]=0, 0<h<L
e Suppose now that u(x) is another convex solution of Equation (6) and let

q(z) = u(z) — u(z).
Clearly ¢(x) is periodic with period 1, and also satisfies

1i_{n [¢(x + h) —2¢(x) +q(x —h)]=0, 0<h<]1.
e We conclude that
g(x+h)—2q(x)+qlx—h)=0, 0<h<]l1.

Let M = = . Th
et q(&) 1r£g?%<2q(x) en

2M =2q(&) = q(§+h) +q(€—h) <2M, 0<h<1
We conclude that ¢(£ + h) = q(§ — h) = M, hence

q(z) = constant., x> 0.

The Beta function.

Definition 6. The function
1
) B(a,y) = / F 1=, x>0,y >0,
0

is called the Beta function.

Note that B(z,y) > 0 and B(z,y) = B(y, ).

Here are two properties of the Beta function.
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Lemma 7. Fizy > 0. Then

e The function log B(x,y) is convez in x € (0, 00).
o B(z+1,y) = £ B(z,y).

Proof. We calculate (compare the proof of Claim 4):

a2 B(w,y)Bus(w,y) = Bi(x,y)

2 1oe B =
72 g B(z,y) Br.y)?

Now

1 1
Bo(a,y) = / #9711 — 1)V log(t)dt, Bus(z.y) = / (1 — 1) log? (),
0 0

and by the Cauchy-Schwarz inequality
1 2
Bate = ([ #1007 M og(t)ir)
0
1
— (/ p3E-Dga@=1(1 _ 3= (1 — 4)3@-Dog(¢ )dt)

0
< / FI - ] - | / (1 — 67 log?(t)dt] = B, y) By (2, y),

hence
2

dz?
To prove the second property we write

B(x+1,y)=/01t$(1 )1t = /01(1t t) (1 —t)=+v14t

- :c+y/ (1—t)di —f)Tt.

Integration by parts gives (boundary terms vanish)

1 Ydsot o\
B 1,y)= —— —(——) (1 =87ty
@+ L) x—f—y/o dt(l—t) (1 -yt

1
=2 /t””—l(l—t)y—ldt:
0

r+y

log B(z,y) > 0.

B(z,y).
prarepy (z,y)

The connection between I' and B.

Theorem 8. For every x > 0, y > 0 we have

L(2)C(y)

(10) B.y)= Fog oy

Proof. Consider the function (of x > 0)
uy(z) = log(B(z, y)I'(x +y)).
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By the properties of the Beta function (Lemma 7) we know that u,(z) is convex
(the sum of the convex functions log(B(zx,y)) and log(I'(x + y)). Also

uy(z + 1) = log(x) + log(B(z,y)) — log(x + y) + log(z + y) + log(I'(z + y))
=log(z) + uy(x), =z >0.
The Bohr-Mollerup theorem (Theorem 5) now implies
uy(z) = log(I'(z)) + a(y).
Setting z = 1 yields
log(B(1,y)) +10g('(1 +y)) = log(I'(1)) + a(y) = a(y).
Direct calculation gives
1
1
Blly) = [ (1=t Nt = 1, T(1+9) = T),
0
hence a(y) = log(I'(y)) and

uy(z) = log(B(z,y)I'(z +y)) = log(I'(x)) + log(I'(y)),
which concludes the proof. O

Remark 9. The last part (finding a(y)) can be replaced by a symmetry argument:
Since uy(z) = uy(y) we must have log(T'(z)) + a(y) = log(T'(y)) + a(x), hence
a(y) = log(I'(y)).

Special case:

1 Sl
I'(z)= / t~ze tdt,
2 0
and changing variable to t = 72, dt = 27dr,

Py = 2/ e~ dr = /7.
2 0

BACK TO THE VISCOUS CONSERVATION LAW (1)

SOME FACTS ABOUT THE KERNEL G,,.
Definition 10. Let g(x,t) € Cp(R x [0,T]). We say that g “decays as |x| — oo if

plggo orgnfangW(ip’ )| =0.

Claim 11. Let g(x,t) € Co(R x [0,T]) decay as |x| — oco. Define

t
flat) = /0 Gule — gyt — )g(y, s)dy ds.

Then f(x,t) decays as |x| — oo.
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Claim 12. Let k > 0 be an integer. Then there exists a constant Cy, > 0
such that

(11) /

Proof. Define a new variable y = —, so that 0, = (Vut)~19,. It is imme-
diate that G, (x,t) = %G(y, 1), hence

wGu(x,t)‘da:— /‘5k (y,1 \de

wGu(a:,t)’dx = Cp(ut)" %, t>o0.

We turn back to the equation
12) ur + f(u)e — pige =0, (2,1) € Qr = (R x(0,T)), >0,
u(z,0) = up(x).
Assumption 13. We assume that the smooth flux function f(u) satisfies
fO)=0, [f()]+[f"(w)] < Cy.

Theorem 14. Assume that ug(z) € C§°(R). Then the viscous conservation law (12)
has a unique smooth solution u(x,t), that decays as |x| — oo.
Furthermore, this solution has the following properties:

e [Continuity in Qr :] For every integer j, dlu(z,t) € Cp(Qr).
e [Mazimum principle:] The solution satisfies

max |u(z, )] = [luoll L~ ()
T

Proof. We set u®(z,t) = [, Gu(z — y,t)uo(y)dy, t € (0,T), and then a sequence
{u(k) (z,t), (z,t) € QT}k:l successwely by

t
) () = u® (2, 1) / / Gl — yrt — ) F (D (y, 5))ydy ds,
0 R
(v,t) €Qr, k=1,2,....

(13)

INDUCTIVE ARGUMENT:

ul®) (z,t) € C>=(Qr),
du® (x,t) decays as |z| — oo, j,k=0,1,2,....

x

(14)
Ou®) (z,1) — p0ppu™ (2, 1) = =0, f(w* "V (x, 1)), (x,t) € Qr, k=1,2,....

Integration by parts:

) (2, 8) = u® (z,1) - / [ 0:Gula =t =) £ )y s,

(v,t) € Qr, k=1,2,....
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Define

vz, t) = uO(x,t), o* Y (x,t) = u*H (2 t) —u®(2,1), k=0,1....
Then

e l//aG it = ) [ ) — F@ED (. 5))] dy s

In view of (11) and Assumption 13, for every ¢ € [0,T],

t
(15) oD () ooy < Cf01/0 (p(t = )72 [0 ™ (-, 8)| L= () ds.

Let M = ||u0||Loo(]R) = ||u(0)||L°°(R><[O,T])'
Claim: There exists a constant R > 0 such that
MRF;~5t5

(16) ||v(k)('at)||L°°(R) < w,kzoﬂwu

Proof of the claim. By induction. It is clear for & = 0 (note v(®) = u(9)). Suppose
it is true for k > 0 and then use (15) to get

t
(17) WHmemms@aAumfmﬁ

Now

Plugging this estimate in (17) and taking R > CyC1T(3) we obtain (16) for k + 1.
Back to proof of Theorem 14

From (16) it follows that Z v (-, t) converges in L>°(R), uniformly in t € [0, 7]

and we conclude that the hmlt function

(18) u(z,t) = lim u™(z,t) in L®(R), t € [0,T]

k—o0

exists uniformly in ¢ € [0, 7).

Estimates of the sequence of derivatives {&Eu(k)(x,t)}oo

k=0"
e Using the definition (13)

Opu®) (z, 1) = O,u® (x, 1) / /8 Gz —y,t — s) fu*D(y, 5)),dyds,
(z,t) € Qr, k=1,2,....

(19)

Let
(20) Mi(t) = max [|0,u® (-, 8)|| L (w)-

0<s<t
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(23)
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From (19), using (11) and Assumption 13,
t
M, (t) < My(t) +cfcl/ (uu(t — $)) 72 My_y(s)ds.
0

Multiplying this inequality by e~** (with P > 0 to be selected) and denot-
ing Ni(t) = e P' M, (t) we get
t
Niu() < No(t) + CCh / (ut — 5))~Fe=PU=) N, (s)ds.
0

Now we select P = P(u,T) > 0 so large that

2

Note that Mo(t) = ||ug|lr~(®), and take W > 2|lug|| o). Using the in-
equality (21) we get inductively

Np(t) < W, telo,T).

r . 1
CfC’l/ (us)2e Pods < -.
0

We conclude that
M (t) < WePt, te€[0,T], k=0,1,2,...

which establishes the uniform boundedness of {9,u*)(z, t)}:io .

We now consider the equicontinuity of {&Cu(’“) (z, t)};io .
Claim. For every 6 < 1 there exists a constant Ry = Ri(T, 6, uo, u)
such that

0 (@ + hyt) = D™ ()| < Ryt#n1 =,
0<t<T, k=0,1,2,....

Proof of claim. We first use the scaling equalities (11) as follows.

J

Next, we write

0y G+ hyt) — axGu(x,t)‘d:r <20y (ut)"%, t>o0.

1
.G (2 + by t) — Dyl ) = / %(816'“(;6 + AR, £))dA
0

1
- h/ 02w G u(x + Ah, t)dA,
0

SO

J

1
< h/ / 000G (x + Ah, t)|dN\ dz = Cxh(ut) .
RJO

By interpolation we obtain, for every 6 < 1,

0.Gu(x + h,t) — 0,Gp(x,t)|dx

0.G(x + hit) — 3zGu(a:7t)‘dx < C10(200)0 (ut)HERIY, > 0.
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Now using (19)
8,u® (2 + h 1) — Bpu® (2, 1) = 9pu'® (x + h, 1) — Bpu® (, 1)
(25) —/t/ [890Gu($+h_yat_3)—(%Gu(x—y,t—s) F@ Dy, )),dy ds,
o (x,t) € Qr, k=1,2,....

We note that, since 9,u(% (z + h,t) — d,u(® (x,t) is a solution to the homo-
geneous heat equation

02 (4 ) = 0ru (2,1)| < sup (e + h) = ()] < bl
x

Also, by the uniform bound (22) and Assumption 13

[f D (y, )yl < CpWe™ < e,
Thus, using (24) in (25) we get

t
+CfW6PT/ /
(26) 0 JR

t
< Bl oy + CrCL0(2C1)P W ePTh1—0 / (u(t — 5))"1+4ds,
0

10,0 ™ (2 + by t) — 9pu® (2, 1)] < hl|uf|| Lo r)

Gz +h—yt—s)—0,Gu(x —y,t —s)|dx

0<t<T, k=0,1,2,....

This concludes the proof of the claim (23) .
¢ CONCLUSION OF THE PROOF OF THEOREM 14.

EXISTENCE

For any fixed ¢t € [0,7] we have the uniform boundedness and uniform
Holder continuity (23) of the sequence {9,u®)(z, t)}:io . Using the Arzela-
Ascoli theorem (and a diagonal process) we get:

There exists a subsequence {amu(kf )(z, t)};io that converges to a function

w(z,t) for all z € R, uniformly in every closed interval [a, b] C R.

However, the sequence {u*)(z, ) }2020 converges uniformly to u(z,t) (18).
Thus all subsequences of {9,u® (z, t)}:io converge to u,(z, ).

Conclusion:
e The derivative u,(z,t) exists and is Holder continuous and satisfies for any
t e 0,7,
(27) lim 9,u™ (x,t) = ug(x,t), uniformly in every interval [a,b] C R.

k—o0
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Invoking the Lebesgue dominated convergence theorem (and Assump-
tion 13) we get

lim /0 /RGM(J; —y,t — 8)3, f(u®) (y, s))dy ds

k—o0

(28) .
= / / Gz —y,t—s)0yf(uly,s))dyds, (z,t) € Rx[0,T].
o Jr
From (13) we have
¢
WD) =)~ [ Gl =t = )0, (. 9)dy s,
o JR
so (28) implies
u(z,t) = u®(z, 1)
(29) t
[ [ Gt = vt =90, fluty s, (@t) € B x [0.7],
o Jr
The boundedness of f” (Assumption 13) implies that 0, f(u(x,s)) is uni-
formly Holder continuous in x € R. It means that the Duhamel principle is
valid, and from (29) we conclude that u(x,t) is a classical solution of (12),
that decays as |z| — co..
MAXIMUM PRINCIPLE
Lemma 15. Let w(z,t) € Cy,(R x [0,T]) be a classical solution of (12) in
Qr = R x (0,T) that decays as |x| — oo. Let w(x,0) = wo(z) € C§°, and
denote M = max |w(x,t)|. Then
T
(30) M = ||w0||Loo(R).

Proof. We prove the upper bound. Consider the function ¢ (x,t) = w(x,t)—
(et+62?), €, 6 > 0. Fix 0 < h < T. Assume that 1 (z,t) attains a maximum
(in QTfh) at (1‘0715()), to > 0. Then:
(o, to) = Oyw(zo,to) — € > 0,
0z(wo,t0) = Oxw(z0,t0) — 2020 = 0,
02z (w0, o) = Oppw(wo,to) — 20 <0,
so that, using Equation (12) satisfied by w,
0 < 9yb(wo, to) — HOzatb (o, to)
= Oyw(xo,t0) — & — p[Ozzw (o, tg) — 26)
= —f'(w(xg, to))Ozw(xg, o) — € — 2ud
= —2f"(w(xg,t9))d0xo — € — 210.
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Since 1 (zo,to) > 1(0,0) = w(0,0) > —M we have w(xg,to) — et — dx3 >
—M and we conclude that 6z < 2M. In addition, |f’(w(zo,to))| < Cf, so
finally

0 <2Cdlxo| —e —2u0 < 2Cf\/m — & —2ud.
Taking § = ¢ we get a contradiction for £ > 0 sufficiently small.
Thus top = 0 and
w(z,t) < ||wol| oo (r) + €t + 6z, (x,t) € Qr,
and letting £, — 0 (and then A — 0) yields (30). O

Remark 16. Note that for the proof it suffices to assume wg € Cp(R) that
decays as |x| — oo.

In fact, this proof is applicable to a general convection-diffusion equa-
tion of the form

¢t +a(z,t)pp — pdze =0, (2,t) € Qr = (R x (0,7)), n>0,
#(z,0) = ¢o(z) € Cp(R).

Corollary 17. Let ¢(z,t) € Co(Qr) be a classical solution to (32), that
decays as |x| — oo. Assume that the coefficient |a(x,t)| < K, (x,t) € Qr
for some constant K > 0. Then

max_|¢(z,t)| = ||doll Lo (r)-
(zat)eQT

UNIQUENESS

Let u(x,t), v(z,t) be classical solutions of (12) in Q7 = R x [0, T, decaying
as |z| — oo, with the same initial data u(z,0) = v(x,0) = up(z) € C§°. In
view of the maximum principle (Lemma 15) both solutions are bounded by
[[uol| Lo (r).-

Claim: v =v in Q7.

For the proof we consider the integral representation (29) and apply the
same method as in Equation (21). As in (29) we have

M%ﬂ—v@¢%=—AtéGAw—%t—@%UW@AD—ﬂwwﬁﬂ@ds

= /0 /R@yGu(l‘ —y,t = s)[f(uly,s)) — f(v(y,s))|dyds, (,t) € Qr =R x [0, T].

Let M(t) = ||(u — v)(-,t)|| oo (r). Using (11) and Assumption 13,

Mms@qéuw—m%M@w

Multiplying this inequality by e~** (with P > 0 to be selected) and denot-
ing

N(t) = o, M)
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we get

N () gcfcl/o (u(t — )~ =P N (s)ds.

Now we select P = P(u,T) > 0 so large that

r . 1
CfC’l/ (us) 2e Fds < 7
0

It follows that N (t) < 2 N(t), hence N(t) =0, t € [0,7].

REGULARITY

Estimates of the sequence of second derivatives {8§u(k) (z, t)};ozo .

Differentiating (19) we get

Pu®) (z,t) = 02u'0 (z, t) / /8 Gu( y,t—s)82f( k=1 (y, 5))dy ds

(34) _82 (0)2075 //8G (x —y,t—9)
7 (g, )@y () + 70 )y a5y ds
(x,t) € Qr, k=1,2,....

Note that:

(a) 1050 (- 6) | ooy < llug (@)]] Lo ) -

(b) By Assumption 13 and the uniform boundedness (22) of {9,u®)(z,1) }1;“;0
we have

! | [ 2.6 =yt = )£ ,9)(@,u D 5. 5) Py s
0 JR

t
WePt)Q/ 0.Gu(x —y,t — s)dyds = 2C10f(WePt)2u_%t%.
0

Now we follow the same method as for the first derivative (20) and set

Mo(t) = 2,,(F) (. - =
(35) Mk(t) Onglggt”a’tu ( ,S)HL (R)>» k 1327"'-
From (34) and points (a), (b) we get, with

Mo(t) = [|ug (@) 2 (r) + 2C1Cp(WeP")2pm 22

Mk(t)gﬂo(t)—f—CfC’l/o(u(t—s))_%ﬁk_l(s)ds, Le[0,T], k=1,2,...

Multiplying this inequality by e~ Pt (with P > 0 to be selected) and denot-
ing Ny () = e PtMj () we get

(36) Ni(t) < No(t) + C;Cy /0 (u(t — ) 2e PN,y (s)ds.
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Now we select P > 0 so large that

T L p 1
C’fCl/ (us) 2e "%ds < 3
0

take W > QMO(T). Using the inequality (36) we get inductively
Nu(t) <W, telo,T).
We conclude that
(37) M (t) < WeP', te[0,T], k=0,1,2,...
which establishes the uniform boundedness of the sequence

{aiu(k) (xz,t),zeR, t e [O7T]}

o0

k=0

e It is now clear how to treat any high-urder x—derivative of the sequence
k? o0
{u( )(th)}k=0' .
e Estimates of the sequence of time derivatives {9,u®(z, t)}k:O .

From the boundedness of {@%u(k)(x,t)};io we infer that the sequence
{(%f(u(k’l)(x,t))};il is uniformly Lipschitz continuous in z € R. There-
fore the Duhamel principle is applicable. Hence, using the Equation (14)
we infer that the sequence {Btu(k) (, t)}:io is uniformly bounded in Qr.
This concludes the proof of THEOREM 14. |

REMOVAL OF ASSUMPTION 13 AND LETTING T — oc.

e Let f(u) € C*(R) be a smooth flux function, with f(0) = 0. Let M =

|uo || Lo (r)- We construct a flux function f(u) such that
(a) Flu) = f(u), Ju] < M +1,
®) [f )]+ f"(w)] < Cf ueR.
In view of Theorem 14 we have a unique solution to

U + f(u)x — pge =0, wu(z,0) = ug(x).
The solution u(x,t) satisfies the maximum principle (Lemma 15), so it is
also a solution to the original equation

u + f(u)y — ptge =0,  wu(z,0) = up(x).

e The solution was constructed in the time interval (0,7). Let u(z,t) be the
solution in Qa7 = R x (0,27 (with same initial function wug). It satisfies
the same maximum principle, so by uniqueness it coincides with u on Q.
Extending like that the solution to Q47, Qsr... we get a unique classical
solution that exists (and satisfies the maximum principle) in R x (0, 00).
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